FURTHER
MATHS

Exam board: Edexcel Email address: patrick.jordan@stockton.ac.uk

In this booklet are topics and skills that are an introduction to some of the areas studied in AS Further
Mathematics. For each week, there are hyperlinks to videos from Advanced Maths Support Programme
(AMSP) that can be used for learning or revision to assist you in the completion of the exercises. Before
the exercises, there is an introduction to the topic to give you an insight into its uses and application in
Mathematics. At the end of the pack there are worked solutions for each section so you can check your
progress with topics.

Week 1 - Introduction to complex numbers
Week 2 - Introduction to Matrices

Week 3 - Sorting Algorithms

Week 4 - Algorithms and flow charts

Worked Solutions
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Week 1 - Introduction to complex numbers

The growth of the number system

In your learmning of mathematics, you have come across different types of number at
different stages. Each time you were introduced to a new set of numbers, this
allowed you to solve a wider range of problems.

The first numbers that you came across were the counting numbers ( natural
numbers). These allowed you to solve equations like x + 2= 5.

Later you would meel negative numbers, which allowed you lo solve equations like x
+ 5= 1, and rational numbers, which meant you could sclve equalions like 2x = 5.

When irrational numbers were included, you could solve equations like x*= 2.

However, there are slill equations which you cannol solve, such as ¥* = 4. You know

that there are no real numbers which satisfy this equation. However, this eguation,
and others like it, can be solved using imaginary numbers, which are based on the

number i, which is defined as /-1,

The diagram below shows the relationships between different types of number.

real numbers

mtional mambers Irrational numbers

negaiive intege

This diagram deals with the real numbers, which include all numbers which you have
come across until now. Notice that the posilive and negative integers (whole
numbers) are subsets of the rational numbers. This means that all integers are also
rational numbers, but there are other rational numbers which are not integers, such

T

as ¢ or - . Similarly, all rational numbers are real numbers, but there are other real

numbers which are not rational, such as -ﬁ and .

In this topic you will see that the real numbers are also a subset of a larger set called
the complex numbers. You will be looking at numbers which lie outside the set of
real numbers. Complex numbers involve both real and imaginary numbers.
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Week 1 continued

Tutorial videos

Intro to complex numbers - https:/youtu.be/e1XsCe0SfrO

Adding and subtracting complex numbers - https:/youtu.be/-74cX8rLqgto
Multiplying complex numbers - https:/youtu.be/LSUOS5ck4aP4

Dividing complex numbers - https://youtu.be/mL5AKNQ94ko

Real, imaginary and conjugate definitions - https:/youtu.be/A rEiIF8TUOQ

Introduction to Complex Numbers Exercise

. Find the roots of the following equations:
(i) Z2+25=0 (i) 42+9=0
{iii) =f-2242=0 (iv) 4Z7+4=+5=0

. Two complex numbers 4 =31and 2 +1 are denoted by z and w respectively. Find,
giving vour answers in the form x+ wi.
(1) 2=-3w
(i) =w
fiiiy(iz)’

{iv) =%w

. In each of the followmng cases find
{a) 2 + = (B) 2 — = (¢} =12
(e) =" (fyzy* +2* (g) z)? - =*
(i) Z1=2+31;=1-2i
(Mo =-21;2=3+1
What do you notice about the results?

Find the quadratic equation which has roots 2+ 3iand 2-31.

. Express these complex numbers in the form x + y1.
- :
ﬂ | ——
®) d+1i

. Solve the equation (2+i)z=3+4i.
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Week 2 - Introduction to Matrices

Matrices

A matrix is simply a way of storing information. For example, the diagram
below shows a map of the roads linking three towns A. B and C. The
comesponding 'direct route’ matrix is shown beside it.

=

A :

Afp 1 20

| O 1

C Cl2 1 0

In this section you learn lo add and subtract matrices, lo multiply a malrix by a
number and to multiply two matrices.

Matrices are classified by number of rows and the number of columns they
have. The matrix above has 3 rows and 3 columns, itis a 3= 3 matrix (read as

'3 by 3').

A matrix with m rows and /7 columns is an mx= n matrix. This is called the order
of the matrix.

A square matrix is a matrix with the same number of rows as columns.

You can add or subtract matrices provided they have the same order.

Tutorial videos

Basic Matrix operations - https://youtu.be/CibmDO2sYn0

Multiply Matrices - https:/youtu.be/eWIRzIm59XE

Properties of Matrix multiplications - https:/youtu.be/ba aDWCiFBA
Zero and identity matrices - https:/youtu.be/6JfMOruhJVs

Multiplying matrices

Multiplying malrices is an important skill which you must master. It takes a bit
of getting used to, but after plenty of practice you will find it quite
straightforward.

The important points to remember are:;

e Lise each row of the first matrix with each column of the second.

* When you are using row a of the first matrix with column & of the
second matrix, the resull gives you the element in row a, column b of
the product matrix.

e To multiply matrices, the number of columns in the first matrix must be
the same as the number of rows in the second matrix. If this is not the
case, the matrices do nol conform and cannot be multiplied.



Week 2 continued

The diagram below shows the steps used when carrying out the multiplication

You use each row of the first {i.e. left) malrix with each column, in turn, of the second matrix.

A similar technique applies to all matrix multiplications

:LF_ (3x6)+({5=x1)=23 }

=:|’ x7)+(5=8)= 'I
|L|:3 7)+{5=8) fll]

=[ (3x9)+(5x0)=27 ]

| |

(23 61 27
|16 46 18

T

[ (26)+ (41 |
i Ll - b :1|"|
l.l: )+ ) J

:[ (2%7)+(4x8)=46 |

)

:{ (2x9)+({4=0) =18 ]7

Properties of matrix multiplication

Make sure that you know the important properties of matrix multiplication:
» Matrices must be conformable for multiplication

« Matrix multiplication is not commutative
» Matrix multiplication is associative
« Matrix multiplication is distributive

The identity matrix

- 3

1 0O
The matrix | = ‘(u , J s called the 2«2 identity matrix because when you
multiply any 2= 2 matrix A by | you get A as the answer.

| acts like the number 1 in the multiplication of numbers.

This means that for any 2= 2 matrix A:
1A= Al = A



Introduction to Matrices Exercise

-3 -3 = 2 3 -4 -1 -4 2
] Bz[z 7J E=[=| 2 5] D=[~3 5 -5]

Calculate, if possible,
(i) A+2B (i) C-D (iil) 3A - 2C (iv)3D-C

4 -l
h=2] B=-131 C=3-l 2 5
-3 4 5 1 =2 i 2
-3 1
Calculate, if possible, the following

(1 AB (1} AL (ui) BC
. The matrices A and B arc defined by
iz o
(1) Calculate
(a}) A+B {(b) AB

(i1} Show that A + B — AB = ml, where m is an integer and I is the 2 x 2 identity
matrix.

4. The matnices A, Band C arc givenby A=(1 4), B=[-;] and C=(2 -I)
Find (i) 24 +C (i) AB (i) BC

5. IE',I|L=[:il ;]nm;lﬂ=[i 2] find the values of ¥ and y given that AR = BA,

X ¥

o m=( ) man=(3 7}

Find M* —N" and (M+N){M—N) and explain why your results are not equal.
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Week 3 - Sorting Algorithms
Algorithms

An algaorithm is simply a set of precise instructions. Although in this chapter
(and throughout Decision Maths) you will be working through algorithms by
hand, in real life algonthms are usually programmed into computers.

Sorting algorithms

There are a number of different algorithms that can be used to sort a list into
order. You will be learning the bubble sort and the guick sort algonthms.

The Sorling spreadsheet available on Integral is useful for investigating these
algorithms.

To make efficient use of the spreadsheet, print these notes out and
experiment with the spreadsheet whilst referring to them.The spreadsheet will
really help you to understand how the sorling algorithms work. Download the
spreadsheet from Integral and save it. This will enable you to spend time
experimenting with it off-line.

When you open the spreadshest, a dialogue box will appear asking if you
want to enable macros. You must select 'Enable Macros' or the spreadsheet
will not function.

The spreadsheet contains three worksheets: Bubble, Quick, Data.

The first two worksheets demonstrate the two sorting algorithms. They can
sort lists up to ten items long.

The Data worksheet contains data sets which you may sort using the other
worksheets. To do this, cut and paste the data set you require into the first
column of any of the sorting worksheets, replacing the list that is already
there. You may also enter your own lists into the sorting worksheets.

Tutorial videos
Bubble sort - https://youtu.be/pskgS27Ctr4
Quick sort - https://youtu.be/xhZuhxmE4g8
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Week 3 continued
The bubble sort

To sort in ascending order, on the first pass, the top item in the list is
compared with the second. If it is larger, the two items are exchanged. Ifilis
smaller, the items remain where they are. The second item in the list is then
compared to the third. As before, if the second is larger than the third, the
items are exchanged, if it is smaller, the items remain where they are. This
procedure is followed down through the list until the largest item has 'bubbled
down' to the top of the list. This is the end of the first pass. On the worksheet
items that are being compared are highlighted in pink. The item that arrives at
the bottom after the first pass is highlighted in turquoise, to indicate that it is
now in the correct position,

The second pass is the same as the first pass, except the last item in the list
is not considered, since it must be in the right position after the first pass.
Subsequent passes all work in the same way, but the number of items being
considerad goes down by one each time as the sorted portion of the lisl
(highlighted in turquoise) grows. The process continues until either there
have been one fewer passes than the number of items in the list, by which
time the list must be sorted, or a pass lakes place which involves no swaps,
which means the items must already be in the correct order.

The guick sort

Al first this algorithm can seem difficult to understand, but it is also, often, the
most efficient.

The number which is chosen for the pivot in the quick sort algorithm can be
selected in many different ways. In the lextbook, the middle number in the list
is chosen, and this is the method you will be expected to use in your
examination. However, on the spreadsheet the first number in the list is
chosen, Other than that, the spreadsheet works in the same way

On the worksheet, the first number in the list or sublist under consideration is
highlighted in pink and is compared in tum with the other numbers in the list or
sublist. Those smaller than it are added to the end of a new sublist above it.
Those larger than it are placed at the end of a new sublist below it. Once the
whaole list or sublist has been worked through the number that was highlighted
pink it highlighted urquoise, to indicate it is now in the commect position in the
cverall list.

The quick sort only uses comparisons to find the correct position for the item
at the top of the sub-list under consideration. No exchanges are made.

It is a good idea to run the worksheet through several different initial lists, to
see how It behaves,



Sorting Algorithms Exercise

Use a bubble sort to put these numbers inte descending order:
56 8 43 34 B 23
Write down
(i) The resulting list at the end of each pass
(i} The total number of comparisons made
(iti}  The total number of swaps made

Use a bubble sort to arrange these letters into alphabetical order
Y H ) P G | k
showing the resulting hst after each pass.

. Use a quick sort to arrange these numbers into descending order

67 74 45 I 34 9 7
Show enough working 1o make it clear that you have applied the algorithm correctly.

{1} The following list of numbers is to be sorted into descending order.
35 23 10 46 24 11
Use the Bubhle sort algorithm to obtain a sorted list, giving the state of the list at the end of
each pass,

A machinist has to cut the following seven lengths (in centimeters) of steel mbing.
150 104 200 60 184 84 120
(1) Perform a quick sort to put the seven lengths in descending order.
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Week 4 - Algorithms and flow charts

Example of a flow chart used in the Big Bang Theory:
https:/www.youtube.com/watch?v=jWWOM53Zh20

Tutorial video
Algorithms and flow charts - https:/youtu.be/NzfhV2Zm-Dw

Algorithms and flow charts Exercise

1. Apply the algorithm shown in the flowchart.

Note: Ini{a) 15 the integer part of a
e.g ifa=2.T8 then INT(g) =2, if a=17.04 then INT{a)=17.

| St-arl.m

Leirn=1
Lﬂ-tﬂ::re-lu,.'ﬁ-i-;l 4

f

Let t, = INT(a)

i

Print ¢,

no
>
Sto
i
Write down the output at each stage.
What do you notice about the sequence of numbers?



Week 4 continued

2. Work through the algonthm below with input
(i) 5
2001

b=a+4

b=axh

b=b+4

b=+b

b=b+35

b=hb-a

If =7 goto Step 11
Wite “Help'

End

Write ‘Maths is magic’
End

3. For the algonithm in question 2:
(1} Explain why there are two Steps with an End command.
{(if)  Find an input where the algorithm fails. Adapt the algorithm to cope with this.

4. The following flow chart defines an algorithm which operates on two positive

integers, m and a,

': Input m, n :|

Is & divisible
by n?

Lets=5+m

Experiment with pairs of small positive integers. What does the algorithm
achieve?

Dwoes it matter in which order m and » are inputted?”

Explain why the algorithm will always stop.




Solutions
Week 1 - Introduction to complex number solutions

1. ) z*+a25=p 2 () 2z-zw=204-30)-3(z+1)
- . 11
=2- 9

() zw=(+-3i)(2+0)
=g - gl + 4 -al”
=f-2L+3
=11 — 2

() t(=z=i+-al)=4l-3"=4l+3

A
AT ajd—dgxg =] =
y 2 (12 = (41 + 3)°

;__J'_—,‘_z =1&l" + 24+ 9
= -1+ 24+ §
2+al -+ 24k
2
1+i fiv] z®w = {4 -3i)*[2+0)
{++al)(z+1)

(V) 42" + 42+ 5 =0
—_.1.7.4[15.—4:4;.5

g +ot +40 +3i?
=g+10-%
5+ 100

=
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Week 1 continued

= (I} @) =z +z =a3+3al+i-3l=3+1
b z-z,=a+si-1+3l=1+51
6) zz,=(R+s)1-ab)=a-4+s+e-8-|
W) =z*=z-al
) *=1+2l
fH FZ*tz *=2-si+i+al=s-1
:a-:l a’-ziﬂ 1-j-1_2l- 1-51 {u} n-[' - tn_E'Hi --a[']
W z*z*=(@Q-31+3d)=a+4-H+e=g+1 1+20 (2+2(K1-2f)
Z-i—-4L-2
(ila) =z +z,=-od+a+i=a-L i 1 44
W =z -z, =—2-3-i=-3-3i L
o) zZz,=-Z(s+i)=-6l+2=2-6l 5
W =z*=a
e} =z*=3-L & (24llz=3+4l
i zZ*rrz*=oi+a-l=a+i &+ 4L
fﬂ.:' I‘_*_Ig-‘=2j'_f3'-[']="=_ﬂ' 1:|2.{_|
W) =z *tr*=als-=el+a=2+&l T!_3++i.f||'2—[-]

(2+i=2-1)

zZ Mz =z )"
z,%-z,*=(z,-2.)*

zi -I" I;'z.l.'z.ﬂ}'

. Z=axtal . (i) The other root (s 1 — 20
(z-2)=1tsi (i) z=222i

(z-32f=-2 (z-2)=2al
R e (z-1F =—
Z -4z +1z=0D ' -aFr+t=—4

F*-2F+ 5 =08

S0 a=-2,8=5
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Week 2 - Introduction to Matrices solutions

L B A+aB |

5

=2
—q
4
2

2 3 =4 (-1 -+ 2]
We-n [

|2 2 & s 5 &)
(3 * -8
2 = -1

(ELLY earunst e done as A avd O do nat have the save oroler

rl

4 |
; B =
20140 A l._-_3'
(2 213 4 (F o)
(L) .-ﬂ:|:-=| ' =
-% 4_.'|:r. 2) |-F 11

(i) BL caneot b2 calowloted as the wadtrices Bre not sonforudble (the raomber
of eobimns bn B Is wot the same s the wuaber of rows ln C)

.- [+ 2] & .
G/ BD -1 3 2 | SR £ IEI
& 1 2 |28 =)

-3 1 )

" I'z a) (o 3y 2 &
3, B +
W &t s 2| |= :.-::J e 2
2 3o 3\ /9 &
AR = | =[

.3 2lls o) \& 9]
-:é][_gla'-l-? I

m“‘ml"“iﬂ: & 5] Lo >




Week 2 continued

4. () 24+c=2(1 4)+(2 -]
=2 &)+|la -z1)
={+ 7)

i
() AB=(1 4| i |-45|

(iit) I!'-G-=I

. & i
I-E-A'—l’ 2+ 3y
18 +2% a0

J"l12eay 4v2y)

' &+ | (LE+2X i
AB = B4 = |=| '
LBXA+E 2x+2p | (1240 #5324
22 =1F +2x =x=2

&+ =10 =p=4

Cheer: ex+8=12+8=20 ﬂ+.lj:|=ﬂ+2=1ﬂ
+oy=4+g=12 44+y=4+8=12

(2 231 21 (£ %

=la ol
e 1jlo 2] |la 1)

(P + M) (M — M) = M7 4 M — M- T
Elmce w.ﬂ'tr'i.tmulli?luﬁipnis ot cpmamuckibive, bR = PR,




Week 3 - Sorting Algorithms solutions

- (£}  Prssi; 72 5 43 EB& 34
Posc o FE S5 E& 43 34
PRsS 3! 7E BE S5& 413 34
Posc4: £6 ¥E S5 43
PRss & B FE S5& 413 34

Although “nothling happens” L pass 5 as far as reordering the Listis
poncerndl, Lk muct be there o s the terndiating cowditipn of the algoritm iz
that there @re wo swaps L A paAsS.

As swiths pecwrved L Pass 4, ik could net be the fisal pass.

Somsthing motually did happer Li the pass, one comparison wis masde.

(LL)  Total wumber of comparisons made =5+ 4 +3+2+1 =15

(Lil) Totalwwmberof swapswade =2 +1+1+1=5

P
[
b
[
ke

g+1
ﬂ; = 4.5 use positlons

&F

The aloorithm termbnates when every term has been choses as a plvot. This has
wow happends (And the Listis Lnoveler).
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Week 3 continued

+, (L) Pitss 1:
Pass &
Piiss A:
PRSE 4
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Week 4 - Algorithms and flow charts solutions

1. Hereis atrace of the algorithn showing the vilues at each stage

+
(=

(] n=

2.5

3. 914214

5232051

[ =¥

FFRE06R

E2423490

Lo 145751

11 328427

2.5

EEle o oo+ ez

BIGIE By et 6| )

|E"-.n-m‘~1.:'hm+uu|-=l

12662078

t produces all of the positive lnkegers except the perfect square muumbers.

2. (L) Maths is magle
(i) Maths is maale

3. (i) At step & the algorithne divides b bwo, so there are two endpolints
(i) #=-10
The algorithn could be adapted by replacting @ with abs (r) betweew steps 1 and 2.
(other adaptations ave possible)

4. (i) prints the Lowest conumon wltiple of i and w
(i) M. b both cases the algorithm stops at the LCAM (Lowest conumon nuadtiple) of m
and
(k) The algorithm. is checking whekher sucoessive multiples of meare divisibie by ».
Certabily me ls divisible by a1, so the algorithm will stop thew f not before.
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